In our two preceding papers we studied bipartite composite boson (or quasiboson) systems through their realization in terms of deformed oscillators. Therein, the entanglement characteristics such as the entanglement entropy and purity were found and expressed, for both one-quasiboson and more complex states, through the parameter of deformation. In this work we initiate an analogous study of composite fermions for two major cases: (i) "boson + fermion" composites; (ii) "deformed-boson + fermion" composites. Both the entanglement entropy and purity of composite fermions are dealt with, their dependence on the relevant parameters established, and for some particular two-or three-mode cases depicted graphically. In a few special cases the entanglement entropy turns out to be constant S 0 = ln 2 (or ln 3) or S 0 = 0, while in the rest of the cases which we considered it varies between zero and ln 2 (or ln 3).
Introduction
Composite fermions (CFs) play significant role in modern quantum physics. Suffice it to mention few distinct instances of CFs: one taken from the domain of condensed matter physics, namely quasiparticles involved in the theory of fractional quantum Hall effect [1] , the other two -baryons and pentaquarks -belong to the realm of high energy physics [2] [3] [4] . In this paper we focus on the composite fermions with algebraic realization in two relatively simple cases: the first one involves, as the constituents, pure fermion and pure boson, while the second one concerns composites of pure fermion and a deformed boson, the description of the latter being taken in rather general form.
Not less important are the composite bosons (quasi-bosons, cobosons) i.e. non-elementary Bose-like systems or (quasi-)particles built from two or more constituent particles. These are as well widely encountered [2, [5] [6] [7] [8] [9] [10] in modern quantum physics, both theoretical and experimental. Among quasibosons there are excitons, cooperons, positronium, mesons, diquarks or tetraquarks, odd-odd or even-even nuclei, atoms, etc. In our preceding works [11, 12] we focused on the case of bipartite (two-component) composite bosons of two types: "fermion + fermion" and "boson + boson" ones such that their creation and annihilation operators are given through the typical ansatz,
with a † µ and b † ν the creation operators for the (distinguishable) constituents which can be taken as either both fermionic or both bosonic. In [13, 14] it was shown that the composite bosons of particular form (corresponding to an appropriate matrices Φ µν α ) can be realized, in algebraic sense, by suitable deformed bosons (deformed oscillators). Note that, with such realization in mind, one can then construct certain deformed Bose gas model which serves for an effective description [15] of the non-Bose like behavior of two-particle correlation function intercepts of the pions π + and π − (also known as quark-antiquark composites) produced in the experiments on Heavy ion collisions at RHIC. An important concept used in quantum information theory, quantum communication and teleportation [5, 16] , is the notion of entanglement or quantum correlatedness between the constituents of composite particle or another composite system. This concept was recently actively studied just in the context of quasi-bosons [11, 17, 18] . Among the measures or witnesses characterizing the degree of entanglement, most widely used are the entanglement entropy and purity (= inverse of the Schmidt number) [5, 16] . The measures of entanglement between components of quasi-boson quantify to what extent or accuracy the quasiboson approaches the properties of true boson [17] [18] [19] [20] .
For the composite bosons realizable by deformed oscillators it is possible to directly link [11] the relevant parameter of deformation with the entanglement characteristics of the composite boson. Then, the characteristics (or measures) of bipartite entanglement with respect to a-and b-subsystems, see the ansatz (1), can be found explicitly [11] , and given through the deformation parameter: for single composite boson, for multi-quasiboson states, and for a coherent state corresponding to such quasi-bosons.
It is of importance to know what is the influence of system's energy on the (variation of) quantum correlation and/or quantum statistics properties of the system under study. The energy of a quasi-boson differs from the energy of the respective ideal boson, and the difference (including quasiboson bound states energy) essentially depends on the quasi-boson's entanglement, and thus the latter clearly shows the deviation from bosonic behavior. Let us note in this context that the entanglement-energy relation is relevant to quantum information research, quantum communication, entanglement production [21] , quantum dissociation processes [10] , particle addition or subtraction [22, 23] . In the case of composite bosons (quasi-bosons) it was explored in [12] , and a number of interesting observations was obtained.
In this work we explore an alternative type of composites -the composite fermions. Since the entanglement entropy S ent is of primary interest, we below, after appropriate analysis of the realization issue, pay our main attention to finding the entanglement entropy S ent characterizing the composite fermion systems. Our treatment is performed for the one composite fermion states (for comparison, the respective results for one quasi-boson states are also briefly sketched). In some analogy with the case of quasi-bosons, we take the composite fermions as bipartite systems realized in terms of mode-independent fermionic oscillators (such independence is understood in fermionic sense). Let us also note that the other entanglement measure -purity -will be considered, where appropriate, as well.
Let us emphasize that the investigation in this paper concern a single (or isolated) composite fermion states, not many-fermion system in some region of space. Accordingly, the considered entanglement and its entropy incorporate the two parties (two constituents) of the bipartite composite fermion. Just these features make our approach and analysis basically different from some recent works on the entanglement entropy of a system of free or composite fermions, see e.g. [24, 25] , where the size of subsystem played basic role, and the very entanglement was viewed in a way fully different from ours.
The paper is organized as follows. A sketch of main aspects on quasi-bosons is given in Sec. 2. Major part contained in Sections 3-6 deals with composite fermions. First of all, we perform the analysis of algebraic realization of composite fermions by means of (deformed) fermionic oscillators. Then, the entanglement entropy of such (one-particle) CF states is explored in Sec. 4-6. Modified CFs -those composed of fermion and deformed boson are analyzed in Sec. 5. The purity witness of bipartite entanglement of CF state is considered as well, see Section 4. The paper is concluded with short discussion of the essence of the obtained results, of some implications and possible developments.
proven in [11] , the entanglement entropy in the case of one composite boson has the form
For the multi-quasibosonic states the respective extended results were also obtained, see [11, 12] . Purity P is yet another popular witness of entanglement (see [5, 16] ), being the inverse P = 1/K of Schmidt number K. Note that the purity is exploited in connection with the issue of entanglement creation using scattering processes [21] (for others contexts see [22, 26] ). For the entangled system such as one quasiboson, purity is connected [11] with the deformation parameter m = 2 f as follows:
3 Composite fermions build as boson-fermion composites Now consider the composite fermions which are composed of pure boson (or deformed boson) and pure fermion. The CFs' creation, annihilation operators are given by the same "ansatz" as in (1), where, this time, a † µ , a µ -respectively creation and annihilation operators for the constituent bosons (deformed or not) and b † ν , b ν -those for the constituent fermions, with usual anticommutation relations for the latter. Suppose that different modes of deformed bosons are independent. Then, we obtain the following commutation and defining relations for the operators of constituent bosons (deformed or not), and fermions (n a µ denotes the particle number operator for deformed bosons in µ-mode):
(here deformation structure function χ(n) corresponds to general case of deformed constituent boson; for non-deformed i.e. usual boson χ(N) ≡ N).
Remark that the normalization of the deformed boson states, because of a µ a † µ = χ(n a µ + 1), implies χ(1) = 1. The CFs are supposed to be independent (in the fermionic sense). We also suppose them to behave on the states as deformed particles with structure function ϕ(N). Having defined the particle number operator for CFs as
where the sign ≃ (of weak equality) means equality on the states, namely
The first requirement (10) holds automatically and moreover in the strict sense:
As a consequence we come to the fermionic nilpotency property
The next requirement eq. (12) can be rewritten as a system of equations
Then, the anticommutator yields
Using the normalization of structural matrices
we calculate (12) on the vacuum state:
For convenience, introduce the notation
where C l k -binomial coefficients. The first few terms of the sequence {∆ k χ} are
Then, the following useful relations for ∆ k χ do hold:
Using (20) the expression for the anticommutator {A α , A † β } in (18) can be rewritten as
The latter for the case of nondeformed constituent boson (χ(n) ≡ n) with the use of (19) reduces to
We also need the commutators
Besides, we calculate the commutator
Setting in (22) 
On the other hand, using the relation (13) (which needs a verification afterwards) we calculate the corresponding r.h.s. according to (12) :
The second requirement in system (17) now takes the form (note that there should be ϕ(0) = 0)
This is similar to fermionic structure function. Then, the r.h.s. of (12) on the states commutes with A † γ and therefore (12) on the one-CF states we obtain the equation
In the case of non-deformed constituent boson this relation due to (23) 
, and thus the realization conditions on matrices Φ α , see (12) , (19) , take the form
It is not difficult to calculate the following double (anti)commutator
and likewise the higher
(we omit the latter).
The cases of one and two composite fermion modes
In the case of single CF mode α, it is enough to consider the realization conditions (10)- (13) on the vacuum and on the one-CF state. This yields Tr(Φ α Φ † α ) = ϕ(1) + ϕ(2) = 1. Its general solution can be written in the form of singular value decomposition (linked with Schmidt decomposition)
written in the descending order such that i (λ (α) i ) 2 = 1 (no summation over α), and an arbitrary unitary matrices U α , V α . Entanglement entropy within a composite fermion (i.e. between its constituents) viewed as bipartite system equals [5, 16] 
When just two CF modes α = 1, 2 are dealt with, in the case of a non-deformed constituent boson system (25) reduces to the set of independent equations
To solve these we use the singular value decomposition for Φ 1 and make the replacement Φ 2 →Φ 2 :
where
2 , ...} is some diagonal matrix, λ
for i < j, and U 1 , V 1 are unitary matrices. Then the system (27) - (29) is presented as
Let us point out one particular solution of (31)-(33). For this, we put
So,Φ 2 is proportional to normal (i.e. commuting with its own conjugate) traceless matrix. Next we restrict ourselves to the case when the constituent boson and constituent fermion can be in two modes, that is µ = 1, 2 and ν = 1, 2. Then matrices D 1 andΦ 2 are presented as
the traces are rewritten in the form
Equation (32) yields the system
Analogously, from (33) we obtain:
• If λ
2 eq. (37) yields φ
21 = 0, so that using (36) we obtainΦ 2 = diag{φ
2 , −λ
1 }. As result, the entanglement entropy within the composite fermion, realized by fermion, in each of the two modes equals
1 = cos θ, 0 < λ
For illustration, this result is pictured in Fig. 1 (left) . It shows that the entanglement entropy ranges from the value S ent = 0 (at λ
1 = 1) to the value S ent = ln 2 (at λ
with ln 2 being the maximum. For comparison, let us also give the expression for the other entanglement measure -purity P of the CF state,
The purity ranges from P = 1/2 (at λ = 0 that contradicts (36). In this case according to (35) we havẽ
1Ũ , TrŨ = 0, and the respective Schmidt coefficient squared (λ
, is equal to 1/2. So, the entanglement entropy within the composite fermion in each of the two modes α = 1 or 2 is S ent = ln 2, that is the constant which coincides with maximal value for the case of (39).
Composite fermions as composites of fermion and deformed boson: two-mode case
Let us go over to the two-mode case (α = 1, 2) of CF when it is composed of usual fermion and, say, χ-deformed boson. In this case the specifics of two modes for the CFs implies that it is again sufficient to consider realization conditions (11)- (13) on the vacuum and one-CF states. Indeed, Figure 1 : Entanglement entropy S ent and purity P versus parameter θ where cos θ = λ
1 . The conventional ordering λ (11)- (13) hold on the vacuum and one-CF states, we have
The corresponding (to one-CF states) realization condition (24) then reduces to the following two independent equations (denote δχ 2 ≡ χ(2)−2):
Performing the replacement (30) as in the case of non-deformed constituent boson we arrive at the following system of equations equivalent to (42), (43), but now given in terms of D 1 andΦ 2 :
To find the Schmidt coefficients λ α i , α = 1, 2, contained in the definition of entanglement entropy it may be convenient to deal with the variables
2 are the eigenvalues of X α . Multiplying (42) and (43) y Φ 1 from the right we obtain the equations
which for nondegenerate Φ 1 are equivalent to (42), (43).
Restricting ourselves to the case of two modes µ, ν = 1, 2 of the constituents, without loss of generality we take U 1 ∈ SU(2). Using the parametrization:
, and the identity
we rewrite equations (44) and (45) respectively as
Taking into account three-dimensionality of the subspace of matricesΦ † 2 satisfying the orthogonality condition Tr(D 1Φ † 2 ) = 0 we look for the solution of (47)-(48) as the linear combination of the following basis elements:
Then, after some calculation equation (47) reduces to the system of linear (in
For the existence of a nontrivial solution, the determinant of this system should be zero, i.e.
That is possible in the following cases: a) χ(2) = 2. Then eqs. (44), (45) reduce to non-deformed eqs. (32), (33) which were already considered. b) χ(2) = 0 or λ
2 at χ(2) = 2. Though the situation λ
2 is qualitatively different, in this case the solution of (50)-(52) is given uniformly, namelỹ
yielding the entanglement entropy
(to be compared with (39)-(40)) which for λ
c) uv = 0 while χ(2) is unrestricted, and λ
2 . Equation (47) takes the form χ(2)(λ
Eq. (48) e.g. with φ
21 = 0 reduces to
So, there are two solutions:
. Note, this result coincides with (54), see also eq. (39) and Fig. 1 .
• If χ(2) = 1, there appears the additional solutionΦ 2 = 0 φ
12 | = 1, λ
2 = 0, so that S ent = 0; To summarize: the entanglement entropy of the composite fermion is either constant S ent = ln 2 or S ent = 0 in some special cases, or it is given by a general parameter-dependent expression, see (54). Let us also remark on the effect of the deformation parameter, say through χ(2). Though for each of the considered cases it has not entered the resp. Schmidt coefficients and entanglement entropy, it can manifest itself when calculating the averages of physical quantities over quantum states. Composite fermions in two modes, with non-deformed constituents in three modes. In this case we take α = 1, 2, µ, ν = 1, 3 so that Φ µν α are some two 3 × 3-matrices. The realization conditions retain the form (31)-(33). Writing D 1 andΦ 2 explicitly as
eq. (32) yields the system
If the diagonal elements of D 1 are different, λ
(1)
The only remaining nontrivial realization condition is the orthogonality condition in (31), which reduces to the orthogonality condition for the vectors (λ
3 ) and (φ 11 , φ 22 , φ 33 ), i.e.
For the entanglement entropy within a CF belonging to each of the two modes we have
It can be parameterized by the angles e.g. in the form
2 = cos θ
1 cos θ
2 , |φ 22 | = cos θ
1 sin θ
2 , |φ 33 | = sin θ
1 .
Then the condition (58) gives the following relation between the angles:
where the angle Ω is defined as cos 2Ω ≡ cos 2θ
2 + sin 2θ
, and belonging to the interval |θ
2 . Substituting (60) and (61) in (59) and using (62), we obtain
where the function S 2 (x) is defined in (40).
Remark. Another parametrization of two orthonormal vectors (λ
1 , λ
2 , λ
3 ) and (φ 11 , φ 22 , φ 33 ) follows from the parametrization of SU(3) since the rows/colums of matrices from SU(3) constitute orthonormal vectors. Indeed, using the parametrization given in [27] and retaining the parametrization (60) for α = 1 mode we have the following parametrization for the α = 2 mode (θ 1,2 ≡ θ (1) 1,2 ):
iγ , φ 22 = cos θ 2 sin θ 3 e iγ − sin θ 1 sin θ 2 cos θ 3 ,
The corresponding entanglement entropy expressions, S
ent (θ 1 , θ 2 ) and S
ent (θ 1 , θ 2 , θ 3 , γ), stem from (59). To achieve standard ordering λ
Thus, composite fermion entanglement entropies S
ent , S 
2 ) at a fixed mode α with the other one ignored, equi-entropic curves in the resp. θ 1 -, θ 2 -angles are given in Fig. 2 (left) . A similar behavior can be seen e.g. in [28] , in the context of the SU(3) parametrization of qutrits. 
3 . Condition (57) yields φ 13 = φ 23 = φ 31 = φ 32 = 0. Next, we present the 2 × 2 block φ 11 φ 12 φ 21 φ 22 ofΦ 2 using singular value decomposition applied for SU(2)-matrices,
where the three matricesŨ ,D 2 , andṼ are shown explicitly. Then (33) (at λ
reduces to the equations as in (38). The orthogonality condition in (31) then yields
3 φ 33 .
2 , eqs. from (38) are satisfied while the block (66) is proportional to a unitary matrix,
1 =λ
that leads to the orthogonality condition
1 e iη (u
1 λ
1 |Re u
The solution for Φ 1 and Φ 2 is then written as
wherẽ
For the entanglement entropy of composite fermion in this subcase we find
(69)
2 , from eqs. in (38) we obtain
3 φ 33 . 
1 |λ
1 e iδ + λ
2 e −iδ | = 1−2(λ
1 ) 2 1−(λ
1 ) 2 −(λ
2 ) 2 .
We have performed our analysis in the two relatively simple cases: of one-mode and of two-mode CFs. Already the latter case turns out to be nontrivial, implying a number of subcases.
In the entanglement entropy of CFs of the type "fermion + deformed boson" the very constituent boson deformation does not manifest itself explicitly in these one-and two-mode cases, contrary to the earlier studied (entanglement entropy of) quasibosons where in the focus was just the dependence on deformation parameter f . Nevertheless, in the present case there are the parameters being involved in the matrix Φ of the ansatz (1), which the entanglement entropy of CFs depends upon. This dependence is shown in Fig. 1 . Also noteworthy are the properties of CF entanglement entropy pictured in Fig. 2 .
Let us note once more that the results of this paper give explicit formulas, or constant values in a few cases, for the entanglement entropy of individual composite fermion (i.e. for the entanglement between constituents), see also Introduction. In contrast, the authors of [24, 25] explored entanglement entropy of many-fermion systems in certain space region. For instance, in [25] an efficient numerical methods (improved Monte-Carlo) were applied to the system of 37 composite fermions, and the linear size of subsystem entered final result for the entanglement entropy.
What was the role of deformation parameter f in the situation with quasi-bosons? Therein [11, 12] , we had quite natural feature: the entanglement entropy was rising with decreasing values of f , i.e. with the approaching to truly bosonic behavior, either for the Fock states at fixed mode or for the coherent states. In the present case of CFs, we have not yet established possible physical meaning of the parameter(s) which the entanglement entropy (and purity) depends on, and that of course remains to be done. Besides, what concerns the important dependence of the entanglement entropy of CFs on their energy to be yet obtained, such dependence may have interesting physical consequences including comparison with the case of quasi-bosons (studied in [12] ). We hope to obtain such a relation along with its implications in the sequel.
Concerning some experimental testing of the obtained results we can only mention possible application of these results to a description of relevant properties of such systems as "exciton + electron" or "exciton + hole". Also, there may be a useful impact on the baryons when these are viewed as diquark-quark systems [29] . At last, let us note that it is also of interest to study another CF system, that is the composite one of the type "fermion + fermion + fermion", and we intend to report on that in a near future.
